We give arithmetic formulas for the coefficients of Hauptmoduln of higher levels as analogues of Kaneko's formula for the elliptic modular j-invariant. We also obtain their asymptotic formulas by employing Murty-Sampath's method.
Introduction
For the elliptic modular function j(τ ), let t m (d) be the modular trace function (the precise definition will be given later) and c n (n ≥ 1) the nth Fourier coefficient of j(τ ), that is, j(τ ) = q −1 +744+ ∞ n=1 c n q n . Zagier [12] studied the traces of singular moduli and showed that the generating function of t m (d) is a meromorphic modular form of weight 3/2 on the right group for each m. Multiplying it by theta function and observing the modular forms of weight 2, Kaneko [7] gave the following arithmetic formula for c n experimentally, and showed it. c n = 1 n r∈Z t 1 (n − r 2 ) + r≥1, odd ((−1) n t 1 (4n − r 2 ) − t 1 (16n − r 2 )) = 1 2n r∈Z t 2 (4n − r 2 ).
On the other hand, by using the circle method, Petersson [10] and later Rademacher [11] independently derived the asymptotic formula for c n :
as n → ∞.
The circle method is introduced by Hardy and Ramanujan [6] to prove the asymptotic formula for the partition function
where p(n) is defined by
In 2013, Bruinier and Ono [2] considered certain traces of singular moduli for weak Maass forms and derived the algebraic formula for p(n). Combining this formula with Laplace's method, Dewar and Murty [4, 5] proved the asymptotic formulas for p(n) and c n without the circle method. More recently, Murty and Sampath [8] derived the asymptotic formula for c n from Kaneko's arithmetic formula with Laplace's method.
In this article, we generalize these formulas to Hauptmoduln (defined in section 2) for the congruence subgroups Γ 0 (p) and Γ * 0 (p) (the extension of Γ 0 (p) by the Atkin-Lehner involution) with p = 2, 3, and 5.
Let j p (τ ) and j * p (τ ) be the corresponding Hauptmoduln for Γ 0 (p) and Γ * 0 (p), respectively. Ohta [9] gave the arithmetic formulas for the Fourier coefficients of j 2 (τ ) and j treated the cases of j 4 (τ ) and j *
(τ ). Let c (p)
n and c (p * ) n be the nth Fourier coefficients of j p (τ ) and j * p (τ ), respectively. We express these coefficients in terms of the modular trace functions t
where
Remark. These formulas are different from those in Ohta [9] . In [9] , the definition of t 
Combining these formulas with Laplace's method as in [8] , we obtain the asymptotic formulas of c
Preliminaries
In this section, we shall define the Hauptmoduln and the modular trace functions. 
) (p = 2, 3, 5), the corresponding Hauptmoduln j p (τ ) and j * p (τ ) can be described by means of the Dedekind η-function
For p = 2, 3, and 5, let d be a positive integer such that −d is congruent to a square modulo 4p, and Q d,p the set of positive definite binary quadratic forms
We define two modular trace functions:
where α Q is the root of Q(X, 1) = 0 in H. The definition of t Remark. For p = 1, we put j *
3 Proof of Theorem 1.1
We give a proof only for the case p = 3; the other cases are proved in the same way.
Definition 3.1. For every positive integer t, we define the operator U t by a n q n U t := a tn q n .
Then U t sends a modular form to a modular form of the same weight but raises the level in general. To prove Theorem 1.1, we need the following theorem, which is a special case f = ϕ m (j * p (τ )) of Theorem 1.1 in [1] . 
Theorem 3.2. The function
Here M mer k (Γ) denotes the space of meromorphic modular forms of weight k with respect to Γ.
We prove Theorem1.1. For the modular form f (τ ) = a n q n , we define the functionsf 0 ,f 1 andf 2 bỹ
where ζ = e 2πi/3 . For each k (mod 3), thenf k has a Fourier expansion of the formf k (τ ) = n≡k(3) a n q n , and it is also a modular form of the same weight. By Theorem 3.2, we have
Now consider the modular form g
. This form is of weight 2 and we have
Similarly, the product g (τ ) · θ 0 (9τ ) is also a modular form of weight 2 and its Fourier expansion is
We put
Then F (τ ) and G(τ ) are meromorphic modular forms of weight 2. Moreover, for
(where the prime denotes (2πi) −1 d/dτ and E 2 (τ ) := 1 − 24 ∞ n=1 σ 1 (n)q n is the Eisenstein series of weight 2), we put
n − 18σ
Then, the theorem in the case of p = 3 is equivalent to the following identities of modular forms:
Since these modular forms are of weight 2 on Γ(36), we see that, by the Riemann-Roch theorem, it is enough to check the coincidence of Fourier coefficients on both sides of the equalities up to q 3960 . We checked this by using Mathematica and Pari-GP.
Similarly, we can show the equation j * 3 (τ ) = j 3 (τ ) − 3(j 3 |U 3 )(τ ), and we obtain c
3n .
Proof of Theorem 1.2
In this section, we give an overview of a proof. Since we can prove any case in the same way as [8] , we give a proof only for the case p = 3. First, we prepare for a proof. as λ → ∞.
We prove Theorem 1.2. By definition,
By this calculation, the contribution to t (3 * ) 2
(d) comes only from classes of forms with a = 3. By Lemma 4.2, any such form is equivalent to a principal form, so that we have
Combining this formula with Theorem1.1, we obtain
For each k = 0, 1, 2, we consider the sum
, and view this sum as a Riemann sum for the function t → e
n is asymptotic to the corresponding Riemann integral J n where
(For further detail, see [8] ). Moreover, applying Laplace's method to the case λ = √ n and h(t) = 4π √ 1 − t 2 /3 on (−1, 1), we have 
